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Abstract 

Bounded Hilbert space ^representations are studied for a g-analogue of the *-algebra 
Pol{Mat2^) of polynomials on the space Mat2,2 of complex 2x2 matrices. 

1. Introduction 

The study of q-analogues of the Cartan domains (irreducible bounded symmetric do- 
mains) was initiated by S. Sinel'shchikov and L. Vaksman in [SV|. In particular, for each 
Cartan domain they defined the *-algebra Pol(g-i) q , a q-analogue of the polynomial al- 
gebra on the prehomogenous vector space Q-i, and set a problem on investigation of their 
representations. The theory of representations of the *-algebras corresponding to domains 
of rank 1 is well-understood. In this paper our purpose is to study such representations 
for one of the popular Cartan domains of rank 2, the matrix ball in the space Mat2,2 of 
complex 2x2 matrices. Following [3SV] we will denote this *-algebra by Pol(Mat2^)q- 



A description of Pol(Mat m ^ n ) q , m, n E N, in terms of generators and relations is given in 
| SSV I . In the paper we classify all irreducible representations of Pol{Mat2^)q by bounded 



operators on a Hilbert space. The method which we use here is based on the study of some 
dynamical system arising on a spectrum of a commutative *-subalgebra of Pol{Mat2,2)q 
(see ]OS] ). Note that the *-algebra has also unbounded ^representation. One can easily 
define a "well-behaved" class of such unbounded representations and classify them up to 
unitary equivalence using the same technique. 

In the paper we use the following standard notations: R is the set of real numbers, M + 
is the set of nonnegative real numbers, Z denotes the set of integers, Z + = {0, 1,2,...}. 

1. The *-algebra Pol{Mat2^)q and its ^representations 

Let q € (0,1). The *-algebra Pol(Mat2,2)q, a (/-analogues of polynomials on the 
space Mat2,2 of complex 2x2 matrices, is given by its generators {z% } a =i,2;a=i,2 and the 
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following commutation relations: 



1 1 11 1 2 _ 2 1 

^1^2 — Q z 2 z \i Z 1 Z \ ~ z l z 2' 

z\z\ = qz\z\, z\z\ = qz\z\, (1) 

z \ z 2 ~ Z 2 Z 1 = (Q ~ Q ) z l z 2' z \ z 2 = Q. z 2 z li 



(z\Tz\ = q*z\{z\T-{l-q*){zl{zly+zl{zly) + 
+ r 2 (l-g 2 ) 2 z 2 2 (z 2 2 r + l-g 2 , 

{z\)*z\ = q 2 zl(zly-{i- q i)zl{zly + i- q \ (2) 

{zl)*zl = q*zl{zly-{l-q*)zl{zly + l-q\ 

{ziyzi = q *zi{ziy + i- q \ 




Consider a representation it of Pol{Mat2^)q on a separable Hilbert space H by 
bounded operators. The theorem below gives the complete classification of such irre- 
ducible representations up to a unitary equivalence. 

Theorem 1 Any irreducible representation it is unitarily equivalent to one from the fol- 
lowing 6 series: 

1) one- dimensional representations C Vl ^ 2 



£<pi,<P2 ( z l) — Q 1 e lipi , €<p u <p2 (z\) — £, Vl , V2 ( z i) — 0' ^1,^2(^2) — el,p2 i (4) 
<Pi G [0,2tt); 

2) infinite- dimensional representations tt v on H = l2(% + ) 

n<p(zl)e k = q^y/l- ^ 2(fe+1) efc+i, ^ 
n<p(4) e k = eilpe k, 

-K v {z\) = TT^zf) = 0, 

<p G [0, 2tt); 

3) infinite- dimensional representations p^ 1)V2 on H = l2(% + ) 

P^i,<^ 2 ( z 2) e fc = e tipl q ej;, . . 

P^MH = e ^q k e k , { °> 
*Wa(*2) e * = Vl -9 2{fc+1) efc+i, 

¥»<€[0,27r); 

4a) infinite- dimensional representations on H = /2(Z + x Z + ) 



(8) 



p\{z\)e^ k = -e ^g-Vl - g 2 Ki)yrr7 em+lifc _ 1; 
p\{z\)e m , k = q k ^/l - g 2 ( m + 1 )e m+ i, fc , 
Pif>\ z \) e m,k — e y g e m;fc , 
P^(^) e m,fc = \A - (? 2(fe+1) e mife+ i, 

V9G[0,27r); 

infinite- dimensional representations p 2 on H = /2(Z + x Z + ) 

p|04)e m , fe = -e^fVl - g 2 ( m+1 )yr^g^e m+1 , jfe _ 1 , 
4>(4) e m,fc = e ilp q k e m:k , 
P%{zl)e m:k = g y 1 - g 2 (^+ i) em+l!fc , 

/^,(^2) e m,fc = - <? 2(fc+1) e m ,fc+i, 

V9G [0,27r); 

5j infinite- dimensional representations p v on H = /2(Z + x Z + x Z + ) 

-fV(l - - - q 2k )e m+w ^ 

p{z\)e m: i, k = q k V^-Q 2{m+l ) em+i,i,k, (9) 
p(z\)e m ^ k = g Vl - q 2 ( l+ 1 h m> i+i >k , 
P(z2)e m ,l,k = V 1 ~ q 2( - h+1) e m ,i,k+i, 
Ve[0,2vr); 

6) infinite- dimensional representation p on H = ^(^ + x ^ + x ^ + x ^ + ) 

^(«i)e s , ro ,i,fc = g m+ V l - g 2 ( s+1 )e s+ W,fc- 

-Q- V(l " " ^( m+1 ))(l - ? 2fc )e s , m+ i,, + i, fc _i, 

p(4Km,z,fc = g V 1 ~ gg >e, m+1 , i|t , (10) 
p(^i)e s , m ,/,fc = g Vl - g 2(m ) e Si m,/+i,fc) 
p{zl)e s>m> i >k = \J\- q 2{ - k+1 ^e s>rn> ^ k+1 . 

Proof. Let us consider a *-subalgebra B of Pol{Mat2^)q which is generated by z\, zf, z 2 
and (z^)*; (^i)*) (z 2 )*- Direct computation shows that z 2 (z 2 )* , z 2 (z 2 )*, z 2 (z 2 )* generate 
a commutative *-subalgebra of B and satisfy the following relations: 

(#(o*)*? = z S F L a ^(4r,z 2 (z 2 r,z 2 (zir) (n) 

where 

F 2 i(xi,x 2 ,x 3 ) = {F 2 1 2 1 (x 1 ,X2,x 3 ),F 2 1 l(x 1 ,X2,x 3 ),F2 2 2 (x 1 ,X2,x 3 )) = 

= (q 2 xi - (1 - q 2 ){x 3 ~ l),x 2 ,x 3 ), 
¥ 12 (xi,x 2 ,x 3 ) = (F 2 2 1 (xi,X2,x 3 ),F 22 (xi,X2,x 3 ),F 22 (xi,x 2 ,x 3 )) = 

= (x 1 ,q 2 x 2 - (1 - q 2 )(x 3 - 1), x 3 ), 
F 2 2(X1,X2,X 3 ) = (F 22 (X!, x 2 , x 3 ), F 2 ? (X!, x 2 , x 3 ), F 22 (x 1: x 2 , x 3 )) = 

= {q 2 xi,q 2 x 2 ,q 2 (x 3 - 1) + 1). 



The functions F 2 i, Fi 2 , F 2 2 : M 3 — > K 3 define an action of I? on M 3 with orbits 

Oxi.xa.xa = {F^ ) (Ff 2 ) (Fg ) (x 1 ,x 2 ,x 3 ))) = 

= (g 2fe (9 2m X! - (1 - q 2m )(x 3 - l)),q 2k (q 2l x 2 - (1 - g 2Z )(x 3 - 1)), 

q 2k (x 3 - l) + l),m,l,k G Z}. 

Here and in the sequel we denote by F^ the m-th iteration of ¥ aa and (F^)i, 
i = 1,2,3, the i-th coordinate of F^. Let tt be a ^representation of PoZ(Mat 2i2 ) g on a 
Hilbert space -ff by bounded operators, let E(-) be the resolution of the identity for the 
commutative family A^ of the positive operators it{z\)'k{z\)* , tt{z\)it{z 2 )* , tt(z 2 )tt(z 2 )* 
and let a n be the joint spectrum of the family A^. 

Next step is to show that any irreducible representation is concentrated on an orbit of 
this dynamical system. 

Lemma 1 If it is an irreducible representation of Pol{Mat2^)q) then the spectral measure 
E(-) is ergodic with respect to the action of the dynamical system generated by F 2 i, Fi 2; 
F 22 and there exists an orbit £l XltX2tX3 such that E(JI X1 X2jX3 ) = I. 

Proof. From (|ll|) and the spectral theorem it follows that 

E(AM*f) = tt^MF^A)), 
E(AM*f)* = 7r(*?)*E(F 6/9 (A)), 

for any A G <8(M 3 ). Hence any subset A such that f[~ 1} (A) C A, F 6/3 (A) C A, 
(b,(3) = (2,1), (1,2), (2,2) defines a subspace E(A)JET which is invariant with respect 
to the operators tt(z^), tt(z^)* for any (b,(3) as above. Moreover, such subspace is invari- 
ant with respect to any operator of the representation %. In fact, the following relations 
hold in Pol(Mat 2 ^) q 

<K)*z\ = z\z%{z%y - (-l) a+a (q - q- l )z\z 2 (z 2 r (12) 

{a, a) = (2,1), (1,2), (2,2), which gives 

E(K 3 \ A)^(^(^)*)vr(z 1 1 )E(A) = E(M 3 \ A)vr(4)^(^(^)*)E(A) - 
-(-l) a+a (q ~ q^m 3 \ A)vr(z 2 1 )^(z 1 2 )^(z 2 )*E(A) 

Therefore if A G 25 (M 3 ) is invariant with respect to all F^ 1 ^ and F^ we obtain 

n( Z :(z:r)m 3 \ am*J)e(a) = m 3 \ A)Mm*)*m%r) 

and hence 

E(A')E(M 3 \ A)vr(zJ)E(A) = E(M 3 \ A)vr(z 1 1 )E(A)E(A / ) 

for any A' G 25(IR 3 ). Taking A' = A gives E(M 3 \ A)vr(4)E(A) = 0, i.e. tt(z£)E(A)# C 
E(A)H. Similarly, tt(zD*E(A)H C E(A)H. The ergodicity of the measure E(-) follows 
immediately, i.e., E(A) = / or for any Borel A which is invariant with respect to F^, 



The simplest invariant sets are the orbits of the dynamical system. The next step 
is to show that only atomic measures concentrated on an orbit give rise to irreducible 
representation of the *-algebra. It is easily seen that the dynamical system generated by 

is one-to-one and possesses a measurable section, i.e., a set r G 53 (IR 3 ) which intersects 
any orbit in a single point. This implies that any ergodic measure is concentrated on a 
single orbit of the dynamical system and therefore K(p, xl)X2)X3 ) = I for some orbit Q Xl ,x 2 ,x 3 - 

m 

We now clarify which orbits Q X1 X2 X3 give rise to bounded irreducible representation 
7r, i.e., ov C £l x ±,x 2 ,x 3 -, and classify all such representations up to unitary equivalence. 

We claim first that there is no bounded representations ir with a n C £l XljX2tX3 if £3 > 1. 
From ( pT| ) we have 

v(zl)H x C H Fbp(x) , ir(z%)*H x C H w( -i ){xy (13) 

where H x is the eigenspace for corresponding to the eigenvalue x G M 3 . Since y = 
(2/1)2/2)2/3) G ^1,0:2,23) where X3 > 1, implies 1/3 > 1 we conclude that Tr^f) 71 "^!)* — 1 and 
ker7r(z|) = ker 77(2:2)* = {0}. This clearly forces F^iy) G for any A; € Z. However, the 
set {F^j^y), G Z} is unbounded which contradicts the boundness of the representation 
7T. Similar arguments show that there is no bounded representation ir with ov C Oj.j 2.2 i, 
si / or x 2 / 0. In this case n xijX2A = {(<? 2(fc+m) xi, q 2( - k+l ^x 2 , 1), k, I, m G Z}. The 
only possibility is a n = fio,o,i = {(0,0, 1)} and in this case we obtain 77(^2) = tt(z 2 ) = 0, 
77(2:2)77(^2 )* = /. It follows now from dH)-® that 77(z|), 77(z|) satisfy the relations 

MrM) = qM4H4T + (<r 2 - i), 

[7r(4),77(^)]=0, [7T(4)*, 77(^)1=0, (14) 
7r(*f)*7r(*I) = TT^fM^ )* = /• 

This implies that ^(z^) commutes with all images of the generators in the algebra under 
th e representation tt and therefore 77(22) * s a multiple of the identity operator if it is 
irreducible. By ( |i~4| ) we have also ^(z^) = e lip2 I, (f2 G [0,277). Irreducible representations 
of the relation (z\)* z\ = q 2 z\(z\)* + (q~ 2 — 1) are well-known and can be easily calculated 



using the method of dynamical systems (see [OS, Chapter 2]). Any such representation 



is either one-dimensional: £, Vl {z\) = q 1 e l<pi , ip\ G [0, 27r), or infinite-dimensional which 
is unitary equivalent to the following one Tr v (z\)ek = q~ l \/\ — gr 2 ( fc + 1 ) efc+1 . The corre- 
sponding irreducible representations of Pol(Mat2^)q are £tp 1; <p 2 and 77^. 

Since a n C (E + ) 3 and (¥^)s(xi, X2, x%) = q 2k (x^ — 1) + 1 — > —00 as k — > —00, it 
follows from dl~3| ) that ker7r(;2 2 )* 7^ {0}, ker 77(z2)7r(z2)* 7^ {0} and the corresponding 
orbit contains a point (x\,X2,0). We have £l XltX2 ,o = {(q 2k (q 2m (xi — 1) + 1), q 2k (q 2l (x2 — 
1) + 1),1 — q 2k ),m,l,k G Z}. Similar arguments show that a n C fi^s^o, where x\ > 1 
or X2 > 1, is impossible if the representation 7r is bounded. From the positiveness of 
a n we obtain also that the only orbits corresponding to irreducible representation of the 
*-algebra are fii,i,0) ^i,o,o> ^o,i,0) ^o,o,o and ^0,0,1 The last one was treated above. 

We consider now the case a w C f2o;i,o:2,o;3> £3 = 0. Let P y , y = (yi, y2, 2/3) be the 
projection onto the eigenspace corresponding to the eigenvalue y. Using ([12; ) we get 

(z k ~ y k )PM4) P y = Hq - q- l )P z K(z\)K{z 2 )Tt(z 2 )*P y 



("+" for k = 1,2 and "-" for k = 3) z,y G R 3 . By (|T|) we have vr^)^ 2 )^)*^ C 
F f 2i( f 12 (f(-%))) and 

7r(^)7r(^)7rfe 2 )*P y = P F2i(Fi2(F (- 1)(2/))) 7r(4)7r( Z ?)7r( 2 l)*P 2/ . 

Setting P m ,i,k the projection onto an eigenspace which corresponds to the eigenvalue 
^(W^ (xi,x 2 ,0))) we obtain 

^( z l)Pm,l,k = Pm,l,k^( z l)Pm,l,k + Pm+l,/+l,fe-l 7r (^l )P m ,l,k , 

i.e., 

)Pm,Z,fc H m ,l,k © -ffm+l,«+l,fc-l- 

Moreover, P m +i,i+i,k-i^{ z \)Pm,i,k = -q 1 ~ 2k ^(4) 7T ( z i) 7T ( z 2)* P m,i,k- The operator n(z\) 
can be written as a sum of its diagonal part 7r(z{) = ^ m z k P m ,i,k^{ z i)Pm,,i,k-, and the 
operator -E^,^ 1 - 2 ^^ 1 )^^ 2 )^^)^^ = .^^fy^y^ _ ^^y^-l. 

Let now (T^ C ^^^2,0) where Xi / or X2 ^ 0. It follows from (@)-(D by direct 
computation that 

n(zl)* ir(z{) = 1 2 ^{z\)^{z\)l. 
The only bounded operator 7r(z|)o satisfying this relation is the zero-operator. Therefore 

tt(4) = -^(.^vr^ 2 )^^ 2 )^! -vr^Kz 2 )*))- 1 

and 7T is irreducible iff so is the family (^(^2), vr(z 2 ), ^(z^), ^(4)*i ^{4)* , ^(4)*)- Let 
^(^a) = ^a's/' K ( z a)*' K ( z a) be the polar decomposition of vr(z"). Using easy arguments 
one can show that [£/£, C/f] = [(£/£)*, CTjf] = 0, (a, a) / (6,/3) and 

(«O£)*)(0f) = (^)iff teW.^)^(4r). 

Here (a, a), (6,/3) G {(1, 2), (2, 1), (2, 2)}. Moreover, if a w C O M2j0 C fi xi)li0 ) we 
have C/2 1 (U\ respectively) commutes with any operators from the family A„- and therefore 
with any operator of the representation. This clearly forces U\ = e ltpi I, ipi G [0, 2tt) 
(pi = e *vaj, ip 2 e [0,2vr) respectively). Let a w C fi 0)lj0 . Consider e fc>/ = {U%) k (U% ) l e, 
e G ker 7r( 2:2)71" (z|)* D ker7r(^)7r(^2)*j / G Z + . Then {ekj,k,l G Z + } is an orthonormal 
system which defines an invariant subspace. The corresponding irreducible representation 
is /3 2 . Analogously (Uf) k (U2) l e = e kjh e G ker 7r(z 2 )7r(z|)* n ker -k(z 2 )tt{z 2 )* , k,l G Z+, 
build an orthonormal basis of an irreducible representation space if a n C Oi o,0) the 
corresponding action is given by formulae (g). If ov C 01,1,0 we have that Z.s.{(£/f ) fc e = 
e^, G Z + }, e G ker ^(^l) 71 "^!)* ^ s invariant with the corresponding action given by @. 
We now turn to the case C Oo,o,o- From (||)-(§) we have 



vr(z 1 1 )ovr(z 2 ) = qir(z 2 )-K(zl) tt(zI)* tt(z 2 ) = qir(z 2 )-a{z\)* , 



7r (4)ovr(4) = ^(^M^o k(zI)* tt(zI) = qix (zl)n \z\] 



Tv{z{)* ir(zl)oPm,l,k = q 2 ir(4)oK(4)oPm,l,k + (1 - q 2 )q 2{m+l) P m ,l,k- 



Note that 7r(z{) 0j P m ,z,fc# C P m ^ )k H, ^(zDlPm^^H Q P m ,i,kH. Moreover, it follows from 
the above relation that if 7r is irreducible then the family [tt{z\)q, tt(z\)q) restricted to the 
subspace P m j^H is irreducible for any m,l,k G Z + . We have 

* 2 * i / 1 2 \ 

a a = q aa + (1 — q ), 

where a = 7r(z{)o-Po,o,o Any irreducible family (a, a*) is either one-dimensional and 
given by a = e lv , ip G [0, 2ir), or infinite dimensional defined on l 2 (7, + ) by ae s = 
yl — g 2 ( s+1 )e s +i. These representations give rise to irreducible representations of the *- 
algebra Pol(Mat 2 ^ 2 ) q . Namely, in the first case we have that e m ,i,k = (U 2 ) m (Ui ) k e, 
where e G Po,o,oH = ker ■n(z 2 l )-n(z^)* n ker 7r(z^)7r(^)* D ker7r(^)7r(z|)*, m,l,k <E Z+, de- 
fine an orthonormal basis of the space where the irreducible representation acts, and for 
the second irreducible family we have that e s ,m,l,h = {U 2 ) m {Ul Y(^2 ) ke s> s,m,l,k G Z + , 
define an orthonormal basis of the space where the irreducible representation p acts. This 
finishes the proof. ■ 
Comments. It follows from the proof that for any representation it on a Hilbert space 
H w the family of self-adjoint operators ^(z^z^)*), ^(z^iz^)*), ^(zf (zf)*), 7r(zl)oir(zl)Q, 
where 

o, Azl{zlT) = i 

-qv{zl)K{zl)K{zly{l - nizUzl)*)- 1 , + I 

generates a commutative *-subalgebra A in B(H n ), the bounded operators on H^. More- 
over, any irreducible representation of Pol(Mat 2j2 ) q is a weight representation with respect 
to this algebra, i.e., A can be diagonalized, and the spectrum of A is simple. 

A question which arise here is how to generalise the method to higher dimension matrix 
balls and classify ^representations of the corresponding *-algebras. In principle, just 
analysing the commutation relations between the generators in the *-algebra one can find 
a commutative *-subalgebra of Pol{Mat m)n ) q or some its localisation and show that any 
irreducible representation it is a weight representation with respect to this commutative 
*-algebra having a simple spectrum in this representation. However, the computations 
can be extremely difficult in general. 

Remark 1 The polynomial algebra on the vector space Mat 2 ^ 2 can be supplied with a 
Poisson structure. Writing q = e~ h we have that Pol(Mat2,2)exp(-h) is an associative 
algebra over the ring of formal series C[[/i]] and 

Pol{Mat 2>2 ) ^ Pol{Mat 2)2 ) exp{ _ h) /hPol{Mat 2)2 ) exp{ _ h) . 

The Poisson bracket now is given by 

{a mod h, b mod h} = —ih~~ 1 (ab — ba) mod h 

for any a, b G Pol(Mat 2j2 ) exp ^_ h y The problem now is to define the symplectic leaves of 
this Poisson structure. Any primitive ideal ker-7r, where tt is an irreducible representa- 
tion of Pol(Mat 2t2 ) q , defines a maximal Poisson ideal I n = ker7r mod h of the algebra 
Pol{Mat 2 2 ) ordered by inclusion and hence the closure of a symplectic leaf which is 
given by {x € Mat 2j2 \ f{x) = 0, / G 1^}. As in the case of C(SU(n)) q (see ffoVj ) one 
can expect that there is a one-to-one correspondence between irreducible representations 
(bounded irreducible representations) of Pol(Mat 2t2 ) q and symplectic leaves (bounded 
symplectic leaves) in Mat 2;2 . 
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